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Sound at 85 to 450 Hz propagating in approximately 80-m depth water from fixed sources to a joint
horizontal/vertical line array (HLA/VLA) is analyzed. The data are from a continental shelf area
east of Delaware Bay (USA) populated with tidally generated long- and short-wavelength internal
waves. Sound paths are 19 km in the along-shore (along internal-wave crest) direction and 30 km in
the cross-shore direction. Spatial statistics of HLA arrivals are computed as functions of beam
steering angle and time. These include array gain, horizontally lagged spatial correlation function,
and coherent beam power. These quantities vary widely in magnitude, and vary over a broad range
of time scales. For example, correlation scale can change rapidly from forty to five wavelengths,
and correlation-scale behavior is anisotropic. In addition, the vertical array can be used to predict
correlation expected for adiabatic propagation with cylindrical symmetry, forming a benchmark.
Observed variations are in concert with internal-wave activity. Temporal variations of three coher-
ence measures, horizontal correlation length, array gain, and ratio of actual correlation length to
predicted adiabatic-mode correlation length, are very strong, varying by almost a factor of ten as
internal waves pass.VC 2012 Acoustical Society of America. [DOI: 10.1121/1.3666003]
PACS number(s): 43.30.Re, 43.30.Bp [EJS] Pages: 1782–1797
I. INTRODUCTION
A multi-faceted shallow water observational program
known as the Shallow Water 2006 program (also SW06) was
undertaken in the late summer of 2006 in waters east of New
Jersey and south of Long Island, New York (Tang et al.,
2007). This is an area of internal tides (tidal-frequency inter-
nal waves) and nonlinear internal-wave packets (Shroyer
et al., 2010), with each moving nominally shoreward. Both
types of internal waves cause strong and rapid changes in
underwater sound propagation behavior. One goal of the pro-
gram was to measure and explain sound field spatial and
temporal variability under these conditions. The intermittent
internal-wave induced acoustic fluctuation effects (also
known as forward scattering effects) have many signatures.
This paper will focus on sound field horizontal structures
and sound arrival angles measured with a bottom-resting
array, including temporal changes of these quantities. The
data used here are receptions of sound at frequencies
85< f< 450 Hz transmitted distances of 20 and 30 km over
fixed paths to an L-array, a bottom-resting horizontal line
array receiver with a vertical line array at one end.
Figure 1 shows the location of the receiver, one set of
sources at a location 30 km to the northwest (NW sources)
and another set of sources at a location 19 km to the north-
east (NE sources). The experimental situation of fixed geom-
etry (source and receiver positions) has less complexity than
the moving source/receiver situation and thus can better
delineate the observed phenomena. For fixed geometry,
time-evolving spatial variation of water-column sound speed
by internal waves is the major phenomenon responsible for
temporal alterations of sound propagation. (Other phenom-
ena, for instance, surface waves, mesoscale features, and
front-linked structures, have somewhat different effects that
can be identified and isolated.)
Sound traveling along two types of paths is used. The
first path type, from the NW sources, is perpendicular (gen-
erally speaking) to internal-wave crests. The second path
type, from the NE sources, is approximately aligned with
internal-wave crests. The paths from the NE sources are also
along-shelf and roughly along-isobath, and are aligned with
the shelf edge.
Recent work related to SW06 has demonstrated that
passing internal-wave packets can result in a variety of
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acoustic phenomena that will distort received signals. These
include radiation from a truncated internal wave duct (Lin
et al., 2009), ducting of acoustic energy down a curved
internal-wave trough (Lynch et al., 2010), and horizontal
Lloyd’s mirror patterns that may result for transmissions
incident on internal waves (the Lloyd’s mirror direct/
reflected interference pattern stems from a geometrically
simple reflector; Lynch et al., 2006). Additionally, daily in-
ternal tidal variation of the thermocline depth may impact
signal coherence by altering mode excitation by a fixed-
depth source.
The appropriate measure of spatial field variation in co-
herence studies is the correlation function C(Dx)¼hw(x)
w*(xþDx)i, where w is a generalized acoustic field parame-
ter (pressure, complex demodulated pressure, phase-steered
pressure, etc.), and where a linear array aligned in the x direc-
tion is assumed. Measured correlation functions of demodu-
lated and beam-steered pressure fields and the associated
characteristic scales Ld of these functions (also named integral
scale, or coherence length) are presented here. These yield
important information. For example, the coherence length of
a received signal governs the usable length of an array. Build-
ing on initial results (Collis et al., 2008), this paper presents
fixed-path correlation statistics for 22 days of transmissions.
Mean Ld and variations of Ld estimates made over short time
windows are each presented, and their behaviors are com-
pared to internal-wave conditions. Also presented are the
related quantities array beam power and array signal gain.
The paper is structured as follows. Section II reviews
some prior work on this subject. Section III describes the
field apparatus. Section IV describes data processing and
analysis methods. An appendix contains additional data anal-
ysis material. Section V shows horizontal spatial field corre-
lation properties, including correlation length scales and
array gain. Section VI contains analysis of the temporal var-
iations of the spatial correlation effects and relates them to
internal waves. Section VII summarizes the results.
II. CORRELATION AND COHERENCE:
FUNDAMENTALS AND PRIORWORK
A. Fundamentals
Correlation functions are a standard measure of wave
field coherence over both time and space, and are computed
and analyzed here. The normalized lagged autocorrelation
function CN of the field w is defined as
CN x; x
0; t; t0ð Þ ¼ wðx; tÞwðx0; t0Þh i= wðx; tÞwðx; tÞh i
¼ C x; x0; t; t0ð Þ=C x; x; t; tð Þ (1)
which has unity value when x¼ x0 and t¼ t0. The angle
brackets indicate ensemble average and/or sub-aperture aver-
age. The numerator C x; x0; t; t0ð Þ is similar to the autocovar-
iance function C0, which is the product C0 x; x
0; t; t0ð Þ
¼ wðx; tÞ  w  wðx0; t0Þ  w   involving deviations from
the mean of w (Emery and Thomson, 2001). For stationary
signals, C is independent of x and t so that Cðx; x0; t; t0Þ
¼ CðDx;DtÞ, where the displacements Dx ¼ x x0 and
Dt ¼ t t0 are referred to as lags. The function CðDx;DtÞ
with Dt¼ 0 is a special case of the more comprehensive
mutual coherence function (Frankenthal, 1989).
For signals with a correlation length scale Ld longer
than a measurement array, subtracting the mean (over the
array) from the signals (i.e., computing C0) will produce a
correlation length estimate that is somewhat less than one-
half the array length for all fields, even those with extremely
small fluctuations relative to the mean. This can be visual-
ized: After subtracting the mean, the signal will be smooth,
FIG. 1. Left: Chart of the SW06 area east of Cape May, NJ. Contours shown: 50 to 100 m by 10 m, and 150 m. The white area at the northwest corner is less
than 50 m deep; the dark area is between 50 and 60 m depth. Lines show the two acoustic paths to the single receiver considered here, with the end points thus
showing moored equipment locations. Colored dots correspond to different moorings deployed as part of the experiment. At the “NW” site at the upper left
(labeled): WHOI 224-Hz and 400-Hz sources. At the “NE” site at the upper right (labeled): the Miami Sound Machine. At the lower center: the WHOI HVLA
receiver. Additional dots show environmental measurement moorings. Red: temperature and current; yellow: temperature; white: temperature plus acoustic or
other device. Right: A satellite synthetic aperture radar image is shown. Lines of rough surface corresponding to internal waves are visible. A subset of instru-
ment locations are shown with dots. Red dots show current meter and temperature moorings. Blue dots show wave measurement buoys. Image courtesy of Pro-
fessor Hans Graber of the University of Miami.
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with positive anomaly at one array end, negative anomaly at
the other. Thus C0 will be positive at zero lag and trend to
negative values at the longest lags. Thus C0 is not the quan-
tity of interest here when correlation is high at the longest
lag (i.e., for an array that is not significantly longer than Ld),
although it is a legitimate and reasonable quantity to
compute.
Setting w(x)¼A0 exp(i/0) and w(xþDx)¼A1 exp(i/1),
one can write CN Dxð Þ ¼ A0A1 exp i /0  /1ð Þð Þh i= A20
 1=2
A21
 1=2¼ A0A1h i exp i /0  /1ð Þð Þh i= A20 1=2 A21 1=2. The
subscript N indicates normalized correlation function with value
unity at Dx¼ 0. With homogenous amplitude distribution (no
amplitude trend) this becomes CN Dxð Þ ¼ exp i /0  /1ð Þð Þh i.
This is a good assumption for the data analyzed here, with the
phase difference factor dominating CN(Dx), as is shown in the
results section. For Gaussian random phase differences the
mutual coherence function expression in the unity gain context
is reproduced, CN Dxð Þ ¼ exp D Dxð Þ=2ð Þ, where D is the
phase structure function defined as D Dxð Þ ¼ /0  /1ð Þ2
D E
(Flatte´, 1983).
The function CN(Dx) quantifies variations along a wave-
front, and provides information regarding coherent signal proc-
essing. The relationship between the function CN(Dx) and, for
example, array processing gain obtained by weighted and/or
steered coherent spatial summation P ¼PMn¼1w rnð Þw rnð Þ
(conventional beamformer), where M is the number of array
elements at locations rn and w are elements of the steering vec-
tor, is an interesting one that deserves attention. However, a
comprehensive study of this is beyond the scope of this paper.
That being said, an expression relating signal-to-noise ratio
gain for coherent summation with the correlation function has
been derived for a simple exponential form of CN(Dx) and lin-
ear array geometry (Cox, 1973).
The spatial autocovariance function C0(Dx), similar in
many instances to the correlation function analyzed here, has
some fundamental properties that make it an effective diag-
nostic tool for acoustic propagation effects, in addition to its
diagnostic value for phase-coherent array processing meth-
ods which depend on high (or known) spatial correlation
properties of a signal (Carey and Moseley, 1991). The auto-
covariance and the fluctuation spatial-frequency spectrum
(the wavenumber kx spectrum) have a well-known Fourier
relationship, C0 Dxð Þ ¼
Ð1
1 S kxð ÞeikxDxdkx. It is well known
that a narrow C0(Dx) falling rapidly away from a maximum
at Dx equal to zero is indicative of a broad spectrum of spa-
tial wavenumbers, and that a wide C0(Dx) falling slowly
away from a maximum at Dx equal to zero is indicative of a
narrow wavenumber spectrum. Both situations arise in the
data shown here, with rapid transitions from one to the other.
Figure 2 shows pressure-squared values for two 200-Hz
NE pulses, one recorded during a period of weak internal-
wave activity early on 14 August, and another a few hours
later when internal waves were passing over the path. The
earlier pulse has strong persistence and has a long apparent
coherence length along the HLA. The later pulse shows an
interference pattern along the HLA, which carries with it a
strong phase pattern (not shown), and has a very short coher-
ence length. The earlier pulse, shown in the upper panel of
Fig. 2, has a clearly visible dispersed normal mode arrival
structure, seen in VLA arrivals measured in the water, at the
top of the panel. Modes one, two and three arrive at times
1.10, 1.13, and 1.16 s. The later pulse (lower panel) shows
complicated multiple mode arrivals in the VLA data. This
could be caused by either mode coupling or strong horizon-
tally varying refraction of adiabatic modes (see Lin et al.,
2009 or Lynch et al., 2010). It is not possible to easily deter-
mine the cause of multiple mode arrivals by analysis at the
receiver alone. At 20 km range six modes were observed to
arrive at 200 Hz, with modes one to six dispersing roughly
0.4 s. This agrees with KRAKEN (Porter, 2011) code model-
ing using a composite seafloor drawn from a few seafloor
models developed in the SW06 program. The model predicts
a seventh mode to arrive at 10 dB with respect to mode 1,
and an eighth mode at 23 dB.
Next, note that the spatial interference pattern of a small
number of plane waves of the same frequency will scale
with the wavelength; in this situation the width (or shape) of
CN(Dx,f) also scales with acoustic wavelength k¼ c/f, where
c is the speed of sound. Such scaling of CN(Dx,f) with wave-
length has been hypothesized for actual acoustic signals in
FIG. 2. (Color online) Intensity is shown in dB units for two 200-Hz pulses
received at the HVLA from the Miami Sound Machine NE source. The posi-
tive distance units depict height above the seafloor along the VLA, the nega-
tive units are distance southward from the seafloor data-acquisition unit
(anchor of VLA) along the HLA (i.e., the HLA extends northward from the
VLA). The upper-frame pulse at 14 Aug 01:01 UTC is during a period of
low internal wave activity. The lower-frame pulse at 14 Aug 05:01 UTC
shows sound that has passed through a packet of nonlinear internal waves.
The 05:01 pulse shows a horizontal interference pattern.
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the ocean, but has not been firmly established experimen-
tally. The data presented here have a factor-of-4 range of k
and are suitable for investigating this scaling. The data show
that CN(Dx,f) is proportional to wavelength at some times,
but not at other times. An alternative situation to a few plane
waves is sound-beam radiation from a scattering feature,
such as a curved internal wave (Lynch et al., 2010), with the
beam geometry being a weak function of wavelength. In this
situation, CN(Dx,f) would be a weak function of f, with the
width not being proportional to k.
B. Prior work
Many recent studies have examined how packets of non-
linear internal waves, commonly found in the shallow-water
environment, perturb sound fields from the simple situation
of adiabatic and cylindrically spreading normal modes.
Documented effects for two geometries (sound paths perpen-
dicular and parallel to wave crests) are summarized here.
For sound paths perpendicular to crests, strong lateral
gradients of sound speed can cause mode coupling. Strong
evidence for this has been observed via anomalous signal
attenuation (Zhou et al., 1991) and mode multipath arrivals
(also called mode arrival spread, Headrick et al., 2000a).
The work by Zhou et al. (1991) on coupled-mode propaga-
tion through idealized nonlinear internal-wave packets moti-
vated more detailed analysis of mode coupling and mode
interference in unitary nonlinear internal waves (Preisig and
Duda, 1997). Additional publications covered temporal fluc-
tuations caused by moving nonlinear wave packets (Duda
and Preisig, 1999; Rouseff et al., 2002) and fields of waves
(Tielbuerger et al., 1997; Headrick et al., 2000b). Follow-on
work expanded into analysis of bias effects (net attenuation
or amplification) caused by coupled-mode propagation in the
presence of two different mode-stripping conditions (Duda,
2004), and into analysis of acoustic field spatial coherence
under similar conditions (Duda, 2006; Finette and Oba,
2003; Mignerey and Orr, 2004).
In the other geometry, with sound paths roughly aligned
with internal gravity waves, horizontal sound refraction can
occur. (“Wave” and “waves” refer to internal gravity waves,
henceforth.) The refraction can cause sound convergence
within internal-wave ducts or divergence from antiducts
(Katsnelson and Pereselkov, 2000; Badiey et al. 2005: Frank
et al., 2005), and fluctuating sound radiation from terminat-
ing ducts (Lin et al., 2009). Further effects observed as a
result of horizontal refraction are sharp intensity fluctuations
and frequency-dependent fluctuations (Badiey et al., 2007;
Katsnelson et al., 2008; Katsnelson et al., 2009; Badiey
et al., 2011), plus rapidly varying modal arrivals, including
nulling of modes that would be prominent in the absence of
the waves (Lin et al., 2009). Both the across-wave and
along-wave situations cause rapid changes in the nature of
received acoustic signals. Rapid changes include reduction
of horizontal field coherence, creation of phase anomalies
consistent with apparent sound arrival angle changes at hori-
zontal arrays, and changes in energy received at specific
positions. These three effects are found episodically in the
data set examined here.
Previous studies have yielded correlation statistics for
the various varieties of the ocean acoustic waveguide (deep
sound channel, shallow-water downward refracting, Arctic,
etc.). Among them, covariances have been computed for
long-range low-frequency propagation (Duda et al., 1992),
and horizontal correlation scale estimates have been tabu-
lated (Carey, 1998; Carey et al., 2006). The latter were in
the range of tens of wavelengths for shallow water. Spatial
correlation of sound passing through internal waves has also
been examined with experiments (Orr et al., 2004) and mod-
els (Finette and Oba, 2003). These studies show a wide vari-
ety of behavior, and are not compatible with concise
summary of correlation behavior with respect to a one-
parameter description of the internal-wave field (or a few pa-
rameters). This paper adds to those works by presenting a
large quantity of spatial and temporal correlation measure-
ments collected continuously over a three-plus week period
in a shelf area having concurrently measured episodic inter-
nal waves. There are two major types of results: Overall av-
erage spatial field correlation behavior (Sec. V), and
temporal variability of the spatial correlation and its relation-
ship with passing internal waves (Sec. VI).
As for temporal fluctuations, shelf acoustic propagation
has been demonstrated through experiment to be highly vari-
able in time. Specific experiment locations are the Mid-
Atlantic Bight shelf (Headrick et al., 2000a, Fredricks et al.,
2005) and the western side of the northern South China Sea
(Duda et al., 2004; Chiu et al., 2004; Mignerey and Orr,
2004; Duda et al., 2011). Much of the variability can be
attributed to the presence of moving internal gravity waves
and wave packets.
In addition to these studies of internal-wave related
coherence of sound at frequencies below 1500 Hz, other
studies of underwater sound spatial coherence are available.
Many of these have insightful discussions of effects causing
limited spatial correlation (Berkson, 1980; Dowling and
Jackson, 1993; Meredith and Nagle, 1999; Dahl, 2004).
III. DESCRIPTION OF THE EXPERIMENT
The SW06 field program was a large multinational study
of acoustic propagation and nonlinear internal wave physics
(Tang et al., 2007). Lasting for two months, the experiment
employed seven ships, 62 moorings, aircraft overflights, sat-
ellite imagery, autonomous underwater vehicles, real-time
data communications, and numerical modeling. Moored
acoustic systems were in place from late July until early Sep-
tember, 2006, along with approximately forty moorings
dedicated to environmental measurements. Data analyzed
here were collected between 3 August and 25 August.
Figure 1 shows the experimental area. The lines in the figure
show the paths between the northwest (NW) and northeast
(NE) source groups and a large moored receiver system
emplaced by Woods Hole Oceanographic Institution
(WHOI). The acoustic data used here are from these instru-
ments. The receiver consisted of a 32-element horizontal
line array (HLA) with a 16-channel vertical line array
(VLA) tied to one end. This is referred to as the HVLA. The
depth at the HVLA site was 79 m.
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The basic mooring suite was deployed in a “T” shaped
geometry (Fig. 1). One leg of the T, containing the NE to
HVLA path, had an along-shelf alignment following (approx-
imately) the 80 m isobath, at bearing 30 (true). The other leg
was aligned across-shelf from depths of 58 to 500 m at bear-
ing 300. The NW to HVLA path was along a portion of this
leg. The NE and NW sites were 19.2 and 30.2 km from the
HVLA, respectively. The right side of Fig. 1 shows one low-
resolution ERS-2 satellite synthetic aperture radar image of
internal waves on 8 August 2006. The image shows approxi-
mate alignment of internal-wave crests with the NE-HVLA
path, a typical situation for this area (Lynch et al., 2010)
The moored sources at the NW and NE sites transmitted
lengthy phase-encoded M-sequence signals that were
matched-filter processed to form short synthetic pulses, with
the processed pulses repeating at the sequence-length inter-
val (between 2.4 and 5.1 s for the four sources). The NE-
located “Miami Sound Machine” (MSM) source was moored
approximately 12 m above the seafloor in 79-m deep water.
The MSM signals had center frequencies of 100, 200, 800,
and 1600 Hz and bandwidths of about one-quarter the center
frequencies. Signals at 100 and 200 Hz are examined here.
At NW, two coded-signal sources at 224 and 400 Hz, with
16-Hz and 100-Hz bandwidths, respectively, were moored
500 m apart. The NW water depth was 58 m and each sound
source was located 9 m above the bottom. Further details are
available in a report (Newhall et al., 2007).
Environmental conditions were recorded at the HVLA re-
ceiver, at the source locations, and between the HVLA and the
sources. Vertical velocity and temperature measurements at
these locations (covering most of the water column) give pre-
cise information about background conditions and internal-
wave events, including wave structures in the vertical, speeds,
and bearings. The physical oceanography measurement
moorings were arranged to provide good along- and cross-
shelf coverage of the shelf-break front, the local eddy field, the
internal tide, and the nonlinear internal wave field.
Essential properties of the 48-channel HVLA system are
described here. The data-acquisition unit (Shark) was on the
seafloor. Above the Shark was a 16-element vertical array of
variable spacing, with topmost element at 13.5 m depth, so
that the Shark served as a deadweight anchor for the VLA.
The 32-element HLA was 465 m in length (15-m element
spacing) and extended northward from the Shark, with the
southernmost element 7 m north of the Shark. For the NE
and NW sources, nominal angles of incidence hi at the HLA
center are h1¼ h2¼ 26.0 for the 100 and 200 Hz signals,
h3¼61.56 for the 224 Hz signal, and h4¼60.55 for
the 400 Hz signal. (Broadside from the east is 90.The sub-
script indicates 100 Hz source, 200 Hz source, etc.) The
HLA was not exactly straight in the north-south direction. In
fact, the shape changed between 10:35 and 11:00 UTC on
the 19th of August during a nonlinear internal wave event.
The array shape anomalies before and after the event, pro-
jected in the NE source direction, are shown in Fig. 12 of
Appendix B. The actual anomalies transverse to the array
direction are greater, being that the values in the figure are
those divided by sin(26). Prior to the event the array bowed
eastward from the Shark (the Shark could not move) for half
of its length with a maximum anomaly of 4 m at 225 m north
of the shark, then bowed back to the west to have an east-
ward anomaly of 1 m at the northern end. The event moved
the array from east of the Shark meridian to west of it, set-
tling into a shape with maximum anomaly of 2.5 m west-
ward at the northern end. These HLA shapes were
determined in the procedure used to calculate the compensat-
ing steering vector V(x,h), where h is the steering angle. The
procedure is described in the next section.
Although the along-shelf propagation path roughly
tracks the 80 m isobath, the terrain has sand ridges and
scours that alter the depth along the path. The cross-shelf
path begins at 58 m depth and passes over a bump and a
scour before finishing at the bottom-resting HLA (80 m
depth). The depth excursions are gradual, consistent with ad-
iabatic mode propagation, and inconsequential to the decor-
relation effects found here.
IV. DATA ANALYSIS METHODS
A. Beam-steered correlation functions
The horizontal spacing of the HLA elements will impart
phase shifts of the source signals along the array, and plane-
wave beam steering is used here to counteract the reducing
effect this will have on coherence (Johnson and Dudgeon,
1993). With zero noise and plane waves, the correlation
function will have the maximum value of one for all lags af-
ter beam steering. Finite noise will reduce this, as will signal
departure from plane waves. The signal-to noise ratio is high
for the coded sources, so the primary contributor to reduced
coherence is departure from plane wave geometry. The sour-
ces are not truly far-field, and point-source beam steering
would provide a measure of maximum array gain for our sig-
nals. The point-source phase correction method is combined
here with the bent-array phase correction. A correction vec-
tor V(x,h1)¼ exp[i/(x,h1)] for HLA location x and steering
angle h1 is devised from the data set itself. For plane waves
at a straight array the phase would be /¼ 2px cosh1/k. The
vector V(x,h1) used here compensates for effects of both
array bending (departure from a straight line) and wavefront
curvature for the NE sources.
The vector V(x,h1) is found by analyzing demodulated
phases within plane-wave beam-steered, resolved dispersed
mode-one transmissions at 100 Hz from the MSM. A steer-
ing vector V(x,h1) that is complex conjugate to the long-term
median mode-one phases U1(x) along the array is generated.
The NE 100-Hz source curved wavefront has a maximum
anomaly at the center of about 0.2 m (zero anomaly from a
plane-wave front at the north and south ends, 0.17 radians at
200 Hz, half that at 100 Hz). The array shapes mentioned in
the prior section are then computed with the good assump-
tion that the array shifts east-west and the Kevlar strength
member does not stretch. The dislocations are given by
Dy xð Þ ¼ k100U1 xð Þ=2p sin h1 ¼ r100 xð Þ=sin h1, where r100(x),
plotted in Fig. 12, is equivalent wavefront deformation. The
NW correction V(x,h3) is computed from Dy(x). The phase
adjustments in V are a factor of ten greater than predicted
curvature adjustments.
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A hybrid method composed of time-delay processing
and steering-vector multiplication is used for the digital
steering processing. The processed signal at position indi-
cated by index n along the array is
wA xn; h; tð Þ ¼ P xn; tþ m n; hð Þdtð ÞV xn; hð Þ; (2)
where P is the complex demodulated pressure after matched-
filter processing. The time delay for each element is the
integer m(n,h) multiplied by the sampling interval dt of P.
The best time shifts for an oversampled signal would be
Tn¼ xncosh/c; m(n,h) is the closest integer to Tn/dt. The time
delay preserves amplitude variations along the array and has
no effect on phase. The steering vector V affects only phase.
Signal correlation along the array is significantly higher
for wA xn; h; tð Þ ¼ P xn; tþ m n; hð Þdtð ÞV xn; hð Þ than for
wA xn; h; tð Þ ¼ P xn; tþ m n; hð Þdtð Þ, affirming the effective
phase compensation. Use of the function V for NW signal
analysis imparts a small error because the (weak) NE curva-
ture is erroneously introduced, and the (weak) NW curvature
is not accounted for. Removing the NE curvature analyti-
cally is expected to have little effect on the results because
the curvature phase values are small compared to the bend-
ing values and to observed fluctuating phase values along
the array. The reason for choosing this plane-wave-based
method, with an ad-hoc curvature correction for NE sources,
is that the results will be meaningful for describing expected
signal variations for generic shallow-water sources whose
ranges are not precisely known and therefore could not be
analyzed with point-source beam steering.
The primary quantity analyzed in this paper is a statistic
that is similar to CN(Dx). It is the normalized correlation
function for time integrals
RN Dxð Þ¼
ðt2
t1
wA x;tð ÞwA xþDx;tð Þdtðt2
t1
wA x;tð Þj j2dt
ðt2
t1
wA xþDx; tð Þj j2dt
 1=2
* +
ﬃ
ðt2
t1
wA x; tð ÞwA xþDx; tð Þdt
 	
ðt2
t1
wA x;tð Þj j2dt
 	 ¼R Dxð Þ
R 0ð Þ : (3)
The approximation is true for normally distributed stationary
signals and is not utilized here; it shows the relationship
between various quantities of interest. The normalization
before averaging ensures that the correlation behaviors, ver-
sus lag, of weaker and stronger signals are given equal
weight in the averaging procedures used in forming RN(Dx).
The relationship of this broadband correlation function to
other measures is examined in Appendix A. In this study the
integral is replaced by discrete summation at the reduced
sampling rate of the matched-filter processed pulses, which
is usually at twice the center frequency (the center frequency
may also be considered as the carrier frequency of the phase
modulated signal). The coherence length Ld along the
array is defined here as the Dx point where RN(Dx) drops
below 1/e 0.37. The value of analyzing the compressed
pulses is evident when the effects of noise are considered.
Correlation values estimated from field data are actually
R Dxð Þ ¼
ðt2
t1
wS x; tð Þ þ v x; tð Þ½ 


wS xþ Dx; tð Þ

þ v xþ Dx; tð Þdt	; (4)
where wS is signal from a known source and v is noise, i.e.,
wA ¼ wS þ v. This breaks into four integrals. Any finite cross-
correlation of the two noise series or the signal and noise series
(possible for dominant noise arriving at the same angle as the
signal) introduces error into R estimation. This error is reduced
by using w that are enhanced by matched-filter processing gains
of 18 dB (100 and 225 Hz, using 63 digits), 21 dB (200 Hz,
127 digits), and 27 dB (400 Hz, 511 digits). Estimates for R
were computed for the 100, 200, 224, and 400 Hz sources using
time subintervals of the received signals (t2 t1) of 0.4, 0.2,
0.31, and 0.12 s, with t1 at the leading edge of the pulse. These
time intervals include the portion of the received signal with
significant amplitude above noise levels. Because the array had
32 elements, there are many degrees of freedom in R estimates
for short lags, with the number of degrees of freedom declining
with lag. Individual-pulse R functions are reliable and provide
usable Ld estimates. Estimates of R made over a few hours con-
tain even more degrees of freedom [six (single-sequence)
pulses per hour are processed].
Figure 3 shows RN(Dy,h) for 200-Hz data computed
using a 2-h averaging interval, where h is HLA steering
angle. A line on the plot shows the exp(1) contour of
RN(Dy, h), i.e., the line shows Ld (h). The grating lobes can
be seen at low and high angles.
With the processing methods explained, the veracity of the
assumption CN Dxð Þ ¼ exp i /0  /1ð Þð Þh i can be examined.
This assumption is not depended on here, but often an equiva-
lent assumption is made and phase alone is used in theoretical
and experimental array-processing work. This relationship is
close to being true for these data, with the phase difference fac-
tor dominating CN(Dx). Figure 3 illustrates this by examining
A0A1h i= A20
 
versus A0A1 exp i /0  /1ð Þð Þh i= A20
 
, with the
former having high correlation at all lags.
There are a few sources of error for CN Dxð Þ
¼ exp i /0  /1ð Þð Þh i. Introducing phase differences arising
from true signal, wavefront curvature, array bending, and
noise, one has
CN Dxð Þ ¼ exp iD/ð Þh i ¼ hexpðiD/Tð1þ D/C=D/T
þ D/B=D/T þ D/v=D/TÞÞi: (5)
These data have high signal to noise ratio, so the last term
is small. The array bending term is accounted for in our
processing and is reduced to a small fraction of one. The cur-
vature term is also small, leaving the true phase difference
D/T.
One comment on stationarity must be included here:
The time frame considered to be stationary in the derivation
in Appendix A is that of the compressed pulse, which is on
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the order of seconds. Changes of R over periods of days or
hours are examined later in the paper, suggesting non-
stationarity. These changes are observed after temporal aver-
aging as in the above equation and then ensemble averaging
over intervals of minutes to a day, assumed to be quasi-
stationary.
B. Horizontal array gain and beam power
The horizontal array gain is computed for the four sources
and compared to theoretical limits. Gain of the array is defined
as the signal power (S) to noise power ð ~NÞ ratio for the coher-
ent sum divided by the same ratio for a single element,
G Mð Þ ¼ S Mð Þ
2
~N Mð Þ2
* +
S 1ð Þ2
~N 1ð Þ2
* +1
; (6)
where M¼ 2n, n¼ 0 to 5, is the number of array elements.
The summed S(M) (signal) and ~NðMÞ (noise) values are
computed with full array (M¼ 32) or sub-array processing
(i.e., M 16, also called sub-aperture processing) and have
the highest statistical reliability at the short lags, which have
the most plentiful sub-apertures. Noise levels are found
using matched-filter output at times with no signal (in gaps
between matched-filter arrivals).
Beam power is computed from the array sum of
received signal after beam steering. It is defined here as the
squared sum of the steered pressure fields along elements of
the horizontal array
BP ¼
XM
n¼1
wAn


2
: (7)
For the full HLA these have 29 to 32 elements, as three
hydrophones were intermittent. The quantity BP is not
emphasized in this paper, appearing in one figure. The
causes of beam power variation may differ from the causes
of coherence loss, and the relationship between these two
remains to be examined in detail.
C. Synthetic pulse cross-correlation functions
A joint HLA/VLA processing method for separating
two distinct decorrelation processes for oblique incidence
HLA receptions is used here, as in Collis et al. (2008). The
two processes are azimuthally dependent propagation and
range-dependent modal interference of an azimuthally
uniform field. Decorrelation from the latter process is
estimated and then compared with total decorrelation to
estimate the former. Under the assumption of cylindrically
symmetric propagation, a synthetic acoustic demodulated
pressure field pS along the HLA can be computed using
modal decomposition of pulse signals measured with the
nearby VLA. The decomposition is written pVLA x0; y0; z; tð Þ
¼P Tn¼1An tð Þ/n z; tð Þ; where An are the complex mode
amplitudes, /n are the mode shapes, and the total number of
modes is T. With azimuthal uniformity and no mode cou-
pling, the modal signals determine pressure fields anywhere
in the waveguide, including at the HLA positions. The pro-
jected distances Dg toward the source of any location, rela-
tive to the VLA position, and the modal wavenumbers kn(t)
are then used to compute the synthetic field
pS x; y; z; tð Þ ¼
XN
n¼1
An tð Þ/n z; tð Þ exp ikn tð ÞDgðx; yÞð Þ (8)
FIG. 3. (Color online) (a) The real
part of RN¼hw*wi as a function
of steering angle is shown for the
200-Hz source for the interval
00:00–02:00 of August 14. The
contour lines are at 0.85 and 1/e.
The dashed line is the 1/e contour
of |RN|. The plot shows a maximum
coherence scale of Ld¼ 28 wave-
lengths. (b) The real quantity
RIN¼h|w*||w|i¼ hA0A1i is shown,
with one contour at RIN¼ 0.85 hav-
ing peak value of 30, compared
with 5 in (a). This shows that |w|,
which is often plotted for broad-
band array arrivals, has a longer co-
herence scale than w. (c) The same
thing is shown as in (a), but for a
later time period (06:00–08:00 on
August 14) with shorter coherence
scale than for the other time period.
(d) The quantity shown in (b) is
again shown, for the 06:00–08:00
period.
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from which statistics R, RN, and Ld can be computed. For a
bottom-resting array, z is the water depth. For the nominally
meridional SW06 HVLA, Dg¼ coshi(x x0), i¼ 1 to 4. A
diagram of this appears in Collis et al. (2008). A related pro-
cedure has been used to propagate a VLA received field into
a range-dependent environment (Heaney, 2009). Signifi-
cantly shorter Ld for measured fields versus synthetic fields
(ps) implies azimuthal variation of modal structure. This can
be caused by adiabatic mode refraction or azimuthally-
dependent mode coupling.
V. CORRELATION RESULTS
A. Time series of horizontal coherence length
In this section, horizontal coherence length (Ld) results
are reported for the NE and NW sources for a three-week
period. Initial work on a small portion of the 100-Hz NE
receptions (three six-hour time windows) uncovered different
classes of coherence during differing ocean conditions (Collis
et al., 2008). Substantially more data are presented here.
For each pulse, the correlation scale is computed for a
collection of beam steering angles h spanning 15 centered
at the nominal incident angle for each source hi. Beam steer-
ing angle has a strong effect on RN(Dx) and Ld for all of our
signals, as expected for near plane-wave arrivals (Fig. 3).
The maximum Ld value is established and then compared
with environmental measurements to study processes that
cause azimuthal variations in signal (i.e., reduction of Ld).
Time series of individual pulse coherence length esti-
mates for the four sources are plotted in Fig. 4. Values for
three matched-filtered pulses are shown for each sequence
train (they vary gradually over the sequence trains of a few
minutes length). One quantity shown is time series of maxi-
mum Ld (with respect to h) for each pulse. The angle hmax
having maximum Ld is also shown for each pulse (in the
non-physical negative Ld space). Finally, time series of
15 C isotherms at the HVLA are plotted at the top of each
panel, showing internal-wave activity. The direction hmax
fluctuates in time (beam wobble), as does the coherence
length at that steering angle. This is difficult to see in Fig. 4,
and is shown more clearly for a short time interval in Fig. 5.
The coherence properties fluctuate strongly as internal waves
pass over the receiver, over the source, or between the two,
as will be shown in more detail later. For these data, the av-
erage is over lag realization (sub-aperture average), with
each pulse yielding an R-curve estimate and an Ld estimate.
The number of products w xð Þw xþ ndxð Þ averaged together
to form R ndxð Þ ¼ w xð Þw xþ ndxð Þh i for each pulse is
32n, where dx¼ 15 m for this HLA. Thus, there are greater
FIG. 4. (Color online) Coherence
length and beam-steering angle in-
formation are shown for each of the
four sources, along with internal-
wave information. (a)–(d) NE 100
Hz. (e)–(h) NW 224 Hz. (i)–(l) NE
200 Hz. (m)–(p) NW 400 Hz. Data
are shown in six-day sections. In red
(gray): time series of the maximum
(over angle) Ld/k estimates for each
pulse. Below this, at negative values
on the y-axes, the steering angle
hmax yielding this maximum is plot-
ted in black, with hmax multiplied by
4 and shifted by a constant before
plotting. At the tops of the panels
(black) are shifted plots of the 15 C
isotherm height time series (meters)
from sensors at the HVLA. Dips to
lower value indicate arrival of inter-
nal waves of depression. The numer-
ical labels on the y axes pertain to
the nondimensional Ld/k values, the
(shifted) isotherm height in meters,
and the 4hmax values in degrees.
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than 20 degrees of freedom at the smaller lags even for indi-
vidual pulses, and the error bars for R and RN are very small
at short lag. Therefore, pulse-based Ld estimates (from
RN(Dx)) that are less than half the HLA length are also very
reliable, within 10%. The HLA shift of August 19th causes
the mean apparent angle of incidence to shift. No attempt
was made to perturb V(x,h) to bring the pre- and post-event
mean angles into agreement.
The variation of hmax seen in Fig. 4 is equivalent to a
wobble of beam direction with maximum beam power (not
shown). Steering in direction fixed in time, either along the
geodesic to the source or in an angle determined by maxi-
mum coherence at one time, will not always yield the maxi-
mum Ld (and also maximum beam power), so coherence
measurements made in that manner would be biased down-
ward. Figure 5 shows this in detail for two wave events using
200-Hz data.
In the first half of the record, the 100-Hz Ld values are
25 to 30 k, dropping to about 20 k for the second half
[Figs. 4(a)–4(d)]. The 100-Hz analysis is aperture limited.
Failure of RN(Dx) to drop below 1/e at the longest lag (32k)
means that the Ld is not well measured. These instances are
indicated by Ld¼ 32k. (Most values are less than this.)
Strong short-term variations that appear to be quasi-tidal in
period and linked to internal waves (i.e., not random) exist
throughout the record, to be addressed in Sec. VI.
The correlation-length studies for the NW sources [Figs.
4(e)–4(h) and 4(m)–4(p)] show time variation of hmax, but
there is a difference of about 5 for the pair that is unex-
plained. Median coherence lengths for each NW source are
about 15k, lower than for the NE sources. Individual NW Ld
estimates vary greatly, however, from 5k to 40k.
Figure 6 shows details of the behavior of the functions
D(Dx,h), and RN(Dx,h) for two individual 200-Hz pulses,
one with long Ld and one with short Ld. The phase structure
functions are computed here as the mean of the squared
phase difference of the spatially lagged series D Dxð Þ ¼
1= t2  t1ð Þ½ 
Ð t2
t1
/ xð Þ  / xþ Dxð Þð Þ2dt. The D and RN func-
tions behave inversely, as expected, with RN high when D is
low. This figure also illustrates individual traces of D(Dx),
FIG. 5. (Color online) Thermocline dis-
placements and correlation length informa-
tion for 200-Hz NE transmissions are
shown for 1.2 days. (a) Displacements are
shown for three NE-HVLA positions
(SW30 is near HVLA). At NE, thermome-
ters provide the 17 isotherm excursions.
20-m depth vertical velocities from ADCPs
are integrated to provide displacement at
the other two locations. The waves are seen
to reach the receiver before reaching the NE
source. (b) The steering angle giving maxi-
mum Ld is shown. (c) The value of maxi-
mum Ld (over steering angle) and Ld at
fixed angle 27.6 are plotted, with Ld nor-
malized by acoustic wavelength k. (d) Ld/k
over steering angle and time is contoured.
(e) Power detected in normal modes one to
seven at the VLA is plotted. The pulse-
average and depth average of pressure
squared at the VLA is also plotted at the
axis position for mode zero. The maximum
(over steering angle) of horizontal beam
power at the HLA is also plotted at the
mode -1 position. The line shows an esti-
mate over time of the number of excited
modes: the sum of mode power times mode
number, divided by the sum of the mode
powers.
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and RN(Dx), drawn for the steering direction with maximum
coherence.
Figure 7 shows ensemble-average Ld values for the two
NE data sets and one NW data set. These are computed from
RN(Dx) functions computed in 24- and 3-h time windows for
the NE data, and only in 24-h windows for the NW data. For
both window sizes, 100- and 200-Hz Ld/k values are approx-
imately equal over the first half of the record. In the second
half of the record the 200-Hz Ld/k values are longer. Equiva-
lently, in distance units, shown here for 3-h windows only,
the 100-Hz Ld are generally longer in the first half of the re-
cord, and the two Ld series are similar in the second half.
This similarity in actual scale suggests that the scattered
fields are geometrically similar for the two frequencies, and
are not consistent with an interference pattern for a low num-
ber of quasi-plane waves. The two NW sources have similar
24-h Ld behavior, so only one is shown. These show Ld
weakly varying between 11 and 16 wavelengths, signifi-
cantly shorter and steadier than the NE values. The averaged
measurements have hundreds of degrees of freedom and thus
would have very small error bars under stationary condi-
tions. Of course conditions change, one finding in this paper,
so this assumption may not be true and thus the estimated
error bars of less than 610% may be optimistic. The varia-
tions seen in the time series of Fig. 7 appear to reflect real
changes in the pulse behavior and do not behave like under-
sampled randomly varying estimates of a stationary process.
This is most true for the NW data with short Ld, which are
estimated exclusively with the high degree of freedom low-
Dx zones of the RN(Dx) curves.
B. Horizontal array gain
Figure 8 shows G(M) for the two NE data sets and the
two NW data sets. The upper line is the theoretical maxi-
mum array gain, M [this is 10 log10(M) in dB]. [The power
gain of a perfectly coherent signal is M2, the power gain of a
complex joint-normal random noise phasor is M, and the ra-
tio of these is the theoretical maximum array gain,
G(M)¼M.] With the exception of the 224-Hz data, the gain
is reasonably close to the theoretical limit. However, these
may be misleading values for two reasons. First, the esti-
mated gain could be positively biased because of data selec-
tion; the maximum gain of each pulse (versus angle) is
selected. Signal power and noise power are random varia-
bles, and thus G is also, and the selection gives extra weight-
ing to high-G realizations. Section VII C shows time-mean
G estimates that do not perform this selection over angle,
which are lower. Secondly, the noise gain may be less than
theoretical. This would be the situation for noise that is
FIG. 6. (Color online) Individual-pulse statis-
tics are plotted for two 200-Hz transmissions
[one pulse from the pulse sequence at 14 Au-
gust 02:01 UTC (a)–(c), and one at 05:31 on the
same day (d)–(f)]. At the top (a),(d) are the
phase structure functions D(Dx,h), in the center
(b),(e) are the lag-averaged (but not time-aver-
aged) R(Dx,h), and at the bottom (c),(f) are the
functions D(Dx,hM) and R(Dx,hM) at the angle
of maximum Ld.
FIG. 7. Maximum (over steering angle) coherence length estimates (Ld) are
shown for 100-Hz and 200-Hz NE data and 400-Hz NW data. Two types of
time averages are used to compute R(h,Dx), from which Ld(h) is computed,
of which the maximum is plotted. (a) 24-h averaging is used, with daily Ld
resulting, plotted in nondimensional form using the acoustic wavelength. (b)
For NE sources, the same quantities as in (a) are shown, although with 3-h
averaging is used. (c) The NE-source maximum Ld values shown in (b) are
plotted again in dimensional form.
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directional, but arriving from a different direction than the
signal. Full individual analysis of the signal and noise gains
to verify this remains to be done.
C. Horizontal correlation scales of modal subsets
Sound propagating from the NE sources to the HVLA
undergoes typical shallow-water normal mode dispersion. In
addition, specific mode arrivals sometimes show multiple
peaks (mode multipath). Collis et al. (2008) show two exam-
ples of this in the NE 100-Hz VLA data. Other examples
appear in Headrick et al. (2000a) and Lin et al. (2009). Gen-
erally mode one arrives first, followed by the initial arrivals
of the other modes overlapped with secondary arrival of
prior modes. Occasionally modal arrivals are dispersed suffi-
ciently to be non-overlapping in time, thus their behavior
can be individually analyzed on the HLA. The time-
averaging interval of the broadband covariance estimates
can be long enough to include all arrivals of all modes (i.e.,
the entire pulse duration), or can be shorter to capture sub-
sets of modes. For example, a short interval at the beginning
of the pulse will primarily capture the behavior of mode 1.
The relationship of mode content to intra-pulse delay
time was established for the week of August 14th through
the 21st by analyzing VLA and HLA data. Using this infor-
mation to adjust window lengths, the spatial correlation
behavior of various modes is examined. Estimates of Ld
from the week-long ensemble averages are shown in Fig. 9
for 100 Hz (NE) and for various window lengths (i.e., vari-
ous modal subsets). In the top panel, Ld estimates are shown
for window durations corresponding to the first mode, the
first and second modes, modes one through four, and finally
for the entire pulse duration. The bottom panel shows a simi-
lar analysis, but instead uses sequentially longer windows.
The window lengths are the initial 0.1 s of the pulse, the ini-
tial 0.2 s of the pulse, and so on. Two regimes of coherence
length are evident in the plots. The low-order modes are
coherent beyond the length of the array, but the higher order
modes that arrive later are not. The higher-order modes have
sufficient energy to reduce overall pulse Ld values to order
12k (180 m).
D. Measured-pulse and synthetic-pulse Ld
Data of 14 August are used to verify the azimuthal vari-
ability of the modal content of the pulses. Pulses consisting
of cylindrically-spreading normal modes (close to plane
waves for this experiment) will show spatial decorrelation at
oblique angle because the modal interference pattern is a
function of range. The familiar image of sound energy versus
range at fixed depth from parabolic equation simulations
illustrates this. The scale Ld for this situation is computed
using the synthetic version for each pulse, identically as for
the actual measured pulses. Figure 10 shows synthetic-pulse
and actual-pulse Ld/k computed with 2.4-h time averaging
for three sources. The coherence lengths are much longer for
the synthetic pulses. Thus, trivial along-array changes of the
modal interference pattern are not responsible for the HLA
data-based correlation scale values. The implication is that
FIG. 8. Array signal gains are shown, averaged over the entire 22 days, for
the four source frequencies.
FIG. 9. Functions RN(Dx) are shown for the one-week period Aug 14–21.
Top: Values computed using signals only from specific time subintervals of
the pulse arrivals corresponding to arrivals of specific modes detected with
the VLA are analyzed. Data from the leading edge of the pulse arrivals to
the times indicated are shown. Bottom: In similar fashion, values computed
using data only from time subintervals determined objectively are shown;
again, subintervals extend from the leading edge to the times indicated.
Early arrivals (low-mode arrivals) maintain higher correlation value at long
lag. Values are calculated for six intervals of lengths 0.1, 0.2, 0.3, 0.4, 0.5,
and 0.67 s, appearing in that sequence in the figure. The sixth interval
includes the entire pulse arrival.
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the pulses measured at the HLA contain true azimuthal
variability.
VI. DETAILS OF HORIZONTAL COHERENCE
TEMPORALVARIATION
A. Wave-packet effects
Time series of Ld estimates and the relationship between
coherence changes and intermittent internal-wave activity
are investigated in more detail in this section. Figure 5
clearly shows the association of an internal-wave packet
passing over the NE to HVLA sound path with rapid 200-Hz
signal Ld fluctuations and rapid arrival-angle fluctuations.
The packet is seen to span the path, but passing at an angle,
arriving first at the HVLA and last at the NE sources. The
isotherm excursions shown in the figure are up to 20 m in
size in 80-m deep water, typical of energetic nonlinear inter-
nal waves (Apel et al., 1997).
Figure 5 shows Ld values computed on a pulse-by-pulse
basis, along with HLA beam power time series, VLA power
time series, and modal arrival energies at the VLA. Plotted
in the fourth panel in contour fashion are Ld values computed
at many steering angles for each pulse (at each time). The
steering angle giving maximum Ld at each time is plotted, as
are the associated maximum Ld values. The maximum Ld
falls abruptly as the waves pass initially by the HVLA and
then into the propagation path over the course of about an
hour at August 14.21 (14 August 05:00 UTC). At the same
time the angle of maximum Ld rises, so that the energy
appears to arrive from a more easterly direction by up to 4.
This is in agreement with refraction to the right (looking
from the source) of propagating sound encountering, at the
left, the leading internal wave of anomalously high modal
phase velocities. One semidiurnal tidal period later, near
time 14.8, a set of smaller amplitude internal waves produces
a similar effect that is weaker and not as abrupt in time. The
lowest panel of Fig. 5 shows that the energy is less restricted
to lower modes at the time of internal-wave passage, with
the number of energized modes rising to over seven from a
background level of about five. The effect precedes the time
of packet arrival at the source NE (time 14.27). This sug-
gests a change in mode coupling behavior. Maximum HLA
beam power (maximum over steering angle) and VLA
energy fluctuate throughout the record, not simply in concert
with wave packets. However, dominant RN(Dx,h) and Ld
fluctuations are linked with packets.
The pulse-by-pulse Ld estimates shown in Figs. 4 and 5
have limited degrees of freedom and ad-hoc error bars of
order 620%. The daily-average Ld results obtained with
one-day averaging of lagged field products (Fig. 7) are more
reliable but do not capture the rapid changes seen in the
pulse-by-pulse values. The 3-h average values also shown in
Fig. 7 have very small error bars, but the averaging window
boundaries are not well matched to the internal-wave events.
A moving window computation would be best. As a compro-
mise, Fig. 10 shows very reliable Ld estimates for 14 August
made with 2.4-h windows that are well matched to the wave
events. The 200-Hz results for window 3 (times 14.2 to 14.3,
measured in days) of Fig. 10 show the steep drop in field-
data Ld compared to the earlier intervals. This is in close
agreement with the Fig. 5 Ld estimates, but with tighter con-
fidence intervals. The agreement between the individual-
pulse estimates and the long temporal averages show that the
individual-pulse estimates are quite robust.
\The high-reliability Ld estimates of Fig. 10 show with
confidence that the NE-source correlation behavior is
strongly affected by the waves, whereas the NW-source
behavior is not. Coherence lengths in the along-shelf (NE)
direction are three to four times those in the across-shelf
(NW) direction between wave events, but drop to about the
same level for the two directions when the waves occupy
the NE path. Reduced NW Ld can be attributed to the NW
to NE propagation distance ratio of 1.5. They are also asso-
ciated with propagation that is generally orthogonal to
ever-present internal-wave fronts, expected to show strong
mode coupling. The observed short correlation lengths
for NW are less than obtained with a simple model of
coupled-mode propagation through straight-crested uni-
form internal waves (Duda, 2006), suggesting that the sim-
ple model does not adequately describe the situation. A
candidate explanation is that waves have along-crest vari-
ability, and thus mode coupling has along-crest variability,
adding to the mode phase variability that dominates in the
simple model.
B. Gain analysis and beam wobble
The change in Ld of 200-Hz signals 4.8 h into August 14th
seen in Fig. 5 (at time 14.2) has a strong effect on array gain.
Figure 11 shows array gain degradation (AGD.M) for M¼ 4
and M¼ 32 elements for two 2.4-h time periods, day 14.0 to
FIG. 10. (Color online) 2.4-h window-averaged correlation lengths (1/e
points) are shown, obtained for ten windows on 14 August. Values are
shown for both measured HLA pulses and synthetic HLA pulses. Top: NE
source results; bottom: NW source results. To normalize, the correlations
lengths for each acoustic frequency (200, 224, 400 Hz) are divided by the
wavelength. The measured-pulse results are obtained by computing RN(Dx)
by cross-product averaging over pulses in each window and over duplicate
element spacing Dx. The synthetic results are obtained using pulses com-
puted along a due-north straight array using expression (8) and VLA data.
Many of the synthetic L estimates are greater than the array length, in these
cases underestimates roughly equal to the array length are given.
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14.1 and day 14.2 to 14.3. Quantity AGD.M is theoretical gain
(in dB) minus achieved gain (in dB) for an M-element array,
AGD.M¼ 10(log10Mlog10G). Degradation for numerous
pulses is plotted versus steering angle in the four upper panels.
In the first interval there is a broad peak of good performance
near 28 for M¼ 32 [light color, low AGD, Fig. 11(a)]. Per-
formance is comparably good for M¼ 4 [Fig. 11(b)]. In the
later period of strong internal waves and reduced Ld the gain
performance is degraded [Figs. 11(d) and 11(e)].
Averaging over the fluctuating performance in each
window may give a more meaningful result. Below panels
(a) and (b), Fig. 11(c) shows the 2.4-h window mean gains
G(M) for all subarray sizes (M¼ 1,2,4,8,16,32). Figure 11(f)
shows the same thing for the later interval. The early interval
shows a relatively narrow peak of good performance for 32-
element gain at the direction towards the source, 11 versus
15 dB theoretical (ideal) performance. Performance peaks in
this direction for M of 8, 16, and 32. The later interval shows
decreased gain performance at all these highM values. Gains
for these values also have wider peaks (wider in angle) or
multiple peaks. The M¼ 8 peak has shifted to near 32, up
from 29 in the earlier period. This corresponds to the shift
in the angle of maximum Ld (Fig. 5). Finally, two peaks of
high gain can be seen for M¼ 16 and for M¼ 32 in the later
period [Fig. 11(f)]. This is consistent with two arriving
wavefonts, one direct and one at higher angle (to the right
looking outward from the HLA). The second wavefront is
consistent with refraction from the front side of one or more
of the westward moving internal waves in the packet travers-
ing the area (with crests roughly aligned with the sound
path). The waves have anomalously high acoustic mode
phase speeds, allowing this refraction to occur, deflecting
acoustic modes in a manner resembling a reflection (Lynch
et al., 2006; Badiey et al., 2011).
VII. SUMMARY
Observations of strongly time-varying spatial coherence
properties of broadband sound propagated 19 km and 30 km
through intermittent internal waves on a continental shelf have
been examined. Sound was recorded with a bottom-resting hor-
izontal line array with a vertical line array attached at one end.
This receiver was moored in water of about 80 m depth.
Techniques for estimating spatial coherence tailored to
these data have been explained and used here. The resulting
estimates of broadband horizontal spatial-lag correlation
functions RN(Dx) and the point Dx¼ Ld where these
descended to the value 1/e (from one at Dx¼ 0) were highly
reliable for short time intervals. The reasons for this were
high signal to noise ratio (enabled by coded pulse compres-
sion), an ability to determine array geometry from dispersed
mode arrivals and therefore an ability to correct phase, and
many repeated lags at the scale Dx where RN(Dx) approached
1/e. Coherence length Ld and coherent array gain (signal to
noise ratio improvement) are the main variables examined
here. There are many key results.
Coherence behavior is strongly anisotropic. Along wave
crest and across wave crest sound propagation differs in
temporal variability of Ld and mean Ld. Sound from the 30-km
distant NW sources traveling in the same direction as internal
waves (across crest) had short Ld that was steady in time,
approximately 10 to 15 acoustic wavelengths for both 224 and
400 Hz (Figs. 4, 7, and 10). Next, sound from 19-km distant
NE sources at 100 and 200 Hz traveling perpendicular to the
FIG. 11. (Color online) 200-Hz (NE)
array gain degradation (AGD) (a), (b),
(d), (e) and array gain (c), (f) are
shown, all in dB units. Results are
from two 2.4-h long windows on 14
August, hours 0–2.4 [left, (a)–(c)] and
hours 4.8–7.2 [right, (d)–(f)]. (a) and
(d) show full-array AGD results (32
elements at 15-m spacing) for all ana-
lyzed pulses in each time window,
with the time scale distorted (long
gaps not shown), for a fan of steering
angles. White indicates zero array
gain degradation (theoretical SNR
gain of 15 dB achieved). (b) and (e)
show four-element subarray results in
a similar format as the 32-element
results (theoretical gain is 6 dB).
Results are averaged over the multiple
short subarrays. (c) and (f) show
window-mean gain at each setting
angle, converted to dB after averag-
ing. Subarray lengths are one element
(flat line, no gain), 2, 4, 8, 16, and 32
elements. The highest gain is achieved
with 32 elements; the gain increases
montonically with subarray length
near 28 for each window, indicating
line coloration.
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internal-wave propagation direction (i.e., along the internal-
wave crests) had highly variable Ld for short-time windowing
of 3 h or less (Figs. 4, 7, and 10). As internal waves passed, the
correlation scale dropped from approximately 25 to 7 wave-
lengths at 100 Hz, and from approximately 40 to 7 wavelengths
at 200 Hz (Figs. 4 and 5, 7, and 10).
When longer-term averages over one-day windows are
considered, the Ld estimates for the NE-source sound are sta-
ble over time. During the first 10 days of the experiment the
100 and 200-Hz Ld are similar when scaled by wavenumber
(i.e., when Ld/k is considered), with both fluctuating weakly
around 23 to 30 wavelengths (Fig. 7). This scaling with
wavelength is consistent with an interference pattern from a
small number of beams. This is somewhat supported by
array gain degradation and array gain results which suggest
two beams of coherent energy (Fig. 11). During the latter
half of the experiment the Ld/k scale for 100-Hz sound drops
below that of 200-Hz sound; in dimensionful terms the Ld
scales are very similar [Fig. 7(c)]. This absence of
coherence-length scaling with wavelengths is not consistent
with an interference pattern from a small number of beams
developing for each frequency, but instead suggests some
type of divided-beam geometry that is spatially similar for
the two frequencies and may be closely tied to internal-wave
mode-duct geometry. Images of such beams can be found in
at least two papers (Lin et al., 2009 and Lynch et al., 2010),
but the beam geometry versus frequency has not yet been
examined in detail. There may be other explanations.
The low-order modes that arrive first in the pulses are
much more coherent than the later modes for the 100-Hz sig-
nals (Fig. 9). In fact, the early modes are highly coherent for
the entire array length of 465 m. The later modes have short
Ld and carry sufficient energy to allow their behavior to
reduce the overall coherence of the pulses.
Phase structure functions and correlation functions are
complementary, as expected (Fig. 6). This figure also shows
RN(Dx) function shapes for a high-Ld prior to the arrival of
an internal-wave packet at the acoustic path, and a low-Ld
situation during the presence of the packet.
Computation of Ld for synthetic fixed-mode pulses con-
sistent with the VLA signals at 224, 200, and 400 Hz quan-
tify the degree of decorrelation expected from the departure
from broadside of the signal arriving at the HLA (i.e., the
oblique incidence). These are longer than observed in the
data (Fig. 10), indicating a departure of the oceanic signals
from azimuthal uniformity in mode content. Such pulse
structure may be caused by azimuthally-dependent mode
coupling, or by refracted adiabatic mode propagation.
This paper includes only a subset of the information
available from this experiment. Further analysis of the pulse
behavior may answer some open questions. For instance,
what is the cause of the change in scaling behavior versus
wavelength halfway through the experiment (Fig. 7)? Also,
why are the NE-path statistics so stable despite the change in
internal-wave behavior over time (depicted in Fig. 4) that
has such strong effect on the NE path Ld? Is the expected
coupled-mode propagation from NW truly always saturated
at this range, and if so, at what ranges does this hold?
Finally, what will the behavior be at other path angles with
respect to internal-wave crests, and at other source-receiver
distances?
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APPENDIX A: BROADBAND CORRELATION
FUNCTION
The correlation function C of the field w is
Cðx; x0; t; t0Þ ¼ wðx; tÞwðx0; t0Þh i, where the brackets indicate
ensemble average. For stationary signals, C is independent
of x and t so that Cðx; x0; t; t0Þ ¼ CðDx;DtÞ for any x and t,
where displacements Dx ¼ x x0 and Dt ¼ t t0.
For a harmonic signal given by wðx; tÞ ¼ AðxÞ expðix0tÞ
the correlation function at zero time lag is simply
CHðDx; 0Þ ¼ AðxÞAðxþ DxÞh i. Some prior investigations of
broadband ocean-acoustic correlation have used complex
demodulates of the signal and have analyzed only one fre-
quency, thereby using only a small part of the signal energy
(Orr et al., 2004).
For a broadband and spatially dependent signals, use of the
Fourier transform pairing w x; tð Þ ¼ 1=2pð Þ Ð B x;xð Þeixtdx
and B x;xð Þ ¼ Ð w x; tð Þeixtdt, and of the Wiener–Khintchine
relation, yields broadband correlation functions R
RðDx;DtÞ ¼ 1
2p
ð
Bðx;xÞBðxþDx;xÞh ieixDtdx: (A1)
At zero time delay, i.e., t ¼ t0, this involves an integral over
frequency
R Dxð Þ ¼ 1
2p
ð
B x;xð ÞB xþ Dx;xð Þdx
 	
; (A2)
where the ensemble average and the integration have been
interchanged. By Parseval’s theorem this can be written
R Dxð Þ ¼
ð1
1
w x; tð Þw xþ Dx; tð Þdt
 	
: (A3)
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For a signal of finite duration that exists only for t1  t  t2,
the integration limits are set to span the signal, giving the ap-
proximate correlation function statistic
R Dxð Þ ¼
ðt2
t1
w x; tð Þw xþ Dx; tð Þdt
 	
: (A4)
This is the statistic that is analyzed in this paper, with the
addition of a normalization factor. The normalized statistic
with unity value at zero spatial lag is
RN Dxð Þ¼
ðt2
t1
w x;tð Þw xþDx;tð Þdt
ðt2
t1
w x;tð Þj j2dt
ðt2
t1
w xþDx;tð Þj j2dt
 1=2
* +
:
(A5)
The procedure is to compute the normalized zero-lag cross-
correlation function for each occurrence of each lag Dx,
producing individual RN ensemble members. These are aver-
aged over duplicated lags along the array and over time
(optionally, hours or days), indicated by the brackets.
APPENDIX B: DECORRELATION EFFECT OF CURVED
WAVEFRONTS
Under conditions of cylindrical spreading the arriving
wavefronts will have residual phases after beam steering
with a plane-wave assumption. In the SW06 area of variable
water depth and water-column features such as fronts and
eddies the actual mean wavefront geometry is probably more
complicated. Nonetheless, the Ld scales resulting from the
plane-wave beam steering used here for a perfectly coherent
but curved wavefront will be computed. The procedures
form a guideline for the maximum detectable coherence (or,
for reduction of coherence introduced by the processing).
Note that the NE signals are processed such that mean curva-
ture is removed, and performance should be better than
shown here for those signals.
Figure 12(a) shows the distance anomalies r(x) along the
HLA of curved wavefronts arriving from the two sources,
which is wavefront departure from a straight line perpendicular
to a line connecting the source and the center of the array. The
curve shapes are not very sensitive to small departures of the
line from this angle. The NE source angle is further from
broadside and these sources have lower anomalies because the
array projects onto a smaller arc than for NW, despite the rela-
tive closeness of NE which imparts greater wavefront curva-
ture. Phase anomalies for the four sources can be computed
from the distance anomalies, / xð Þ ¼ 2pr xð Þ=k, from which
fields w xð Þ ¼ expði/ðxÞÞ are computed. The real parts of the
resulting correlations functions RN Dxð Þ ¼ w xð Þw xþ Dxð Þh i
¼ expði / xð Þ  / xþ Dxð Þð Þh i are shown in Fig. 12. The inte-
gral scales Ld are between 250 and 300 m. In nondimensional
form they are greater than 40k except for NE 100 Hz, where
the value is 20k. However, note that the phase adjustment func-
tion V(x,h) used in beam steering accounts for the detected
mean curvature of 100-Hz mode-one signals, so this is an
overly pessimistic performance bound.
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